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Abstract 

Moddings by cyclic permutation symmetries are performed in 4-dimensional 
strings, built up from N = 2 coset models of the type CP m = SU(m + 
l)/SU(m) x U(l). For some exemplifying cases, the massless chiral and an- 
tichiral states of Eq are computed. The extent of the equivalence between 
different conformal invariant theories which possess equal chiral rings is ana- 
lyzed. 
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I. INTRODUCTION 



Algebraic constructions of 4 dimensional strings with N = 1 spacetime supersymmetry 
may be achieved by tensoring N = 2 superconformal field theories (see and references 
therein). The U(l) current of the N = 2 algebra provides the supersymmetry projector. 
Projection over odd integer charge states is required for modular invariance. The theory is 
anomaly free if the total internal central charge is C{ n % = 9. 

Models constructed in this way possess a large set of invariances. Modding out by these 
symmetries, new modular invariant theories can be constructed. These orbifolds give rise 
to more acceptable models from the phenomenological point of view, in the sense that the 
number of chiral fermion generations is usually drastically reduced. A complete classification 
of these models could be useful for the discussion of interesting questions, such as mirror 
symmetry or topology change. 

In particular, when two or more internal theories are equal, permutation symmetries are 
present. Actually, the first 3-generation (2,2) string model found by Gepner is obtained 
when moddings by Z% phase and permutation symmetries are considered. A systematic 
study of cyclic permutation symmetries in Gepner's models was considered in (see 
also 0), where an interesting method to compute the massless spectrum of the orbifoldized 
theories was introduced. 

Supersymmetric string vacua can also be constructed by orbifoldizing Landau- Ginzburg 
(LG) models f^fl- A complete classification of LG superpotentials from which (2,2) string 
models can be constructed, including permutation symmetries of identical factors, was per- 



formed in ||10|| . When the LG superpotentials describe Gepner's models both methods 
yield the same number of Eq generations. However in the case of LG models the chiral 
ring completely characterizes the theory, whereas the method introduced in requires 
considering also non chiral states and allows to extract more information (for instance, the 
partition function of the permuted theory can be explicitly written). 

In this note we study cyclic permutation symmetries in 4 dimensional string theories 
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built from more general N=2 superconformal coset models. In section II we recall the basics 
of CP m cosets which are needed in our study. In section III we review the method to 



consider orbifolds of LG models with respect to abelian symmetries [II|, l2| , |l0 | and apply 
it to the computation of the number of Eq generations of string models constructed with 
tensor products of cosets of the type CP m = SU{m + l)/SU(m) x U(l). We then extend 
the method of references |||| to include non diagonal modular invariant couplings among 
left and right CP m theories which do not admit a LG description. Even if the basic steps 
follow , the concrete computation demands a careful study of the component theory. In 
particular the construction of the cyclic permutation invariant states requires the knowledge 
of the exact weights and charges of the fields of the coset. A closed formula is known for the 
chiral (antichiral) fields but an each case computation is needed for the rest of the fields. 
In section IV we summarize the general method of references [|]|| and stress the distinct 
features of CP m cosets. We illustrate the procedure of modding out by cyclic permutation 
symmetries of M theories (M prime) with two examples. The particular case M = 2 is 
analyzed in section V. Conclusions are presented in section VI. The explicit construction of 
the characters for N = 2 coset models is briefly reviewed in the Appendix. 

II. N = 2 COSET MODELS 



Here we consider the basic ingredients of CP m coset models following the notation of ||13 
For a more detailed discussion see for example |14 



We refer to the quotient theory SU ^^l^^jj^ 1 as (m,k). Ui and u)j denote the fun- 
damental weight vectors of SU(m + 1) and SU(m), with i ranging from to m and m — 1 
respectively. States of the N = 2 left superconformal algebra (SCA) are labelled by |A, A, A), 
where A is a weight vector of SU{m + 1) at level k (A = J2iLi m i UJ il < J2iLi m i — k)] A 
is a SO{2m) weight at level 1 (so it can only take the values 0, v, s, s) and A is a weight 
vector of SU(m) x U(l) at level k + 1 obtained by decomposing |A) ® |A) into irreducible 
representations of SU{m) x U{\). 



3 



A general field in the N = 2 quotient theory, denoted by $ AA , * s obtained from the 
decomposition 



GaV- a = ^ AA H X (1) 

where Ga, V a , H\ correspond to fields in the representations generated from |A), |A), |A) 
respectively 

The conformal weight h and charge Q of $ AA may in principle be obtained from this 
expression. In fact, by considering the N = 2 super conformal algebra associated to the Kac- 
Moody algebras SU(m + 1), SO(2m) and SU(m) x U(l) it is easy to obtain the following 
equations 

A(A + 2 Pm+1 ) - A(A + 2 Pm ) A 2 

2{k + m + l) 2 U 

2m _ 2 

G = E A ' - fc + m + 1 (^ - p-) • A + 2L ' = 

= VA'-- ? + 2L' (3) 

where we have further decomposed A into a SU{m) weight A = YI[=i~ ^i^i and a U(l) charge 
q (corresponding to the U(l) of SU{m) x U(l)) as: 

A = A + — q (4) 

m 

p m+ i and p m denote half the sum of the positive roots of SU(m+l) and SU{m) respectively. 
L, V are integers which should be determined for each field of the theory, even for the 
primary ones [15||. The appearance of these integers relies in the fact that an irreducible 



representation of a Kac-Moody algebra g contains several representations of the original Lie 
algebra g. Every ^-representation is generated by the application of Kac-Moody algebra 
generators E%\ to its highest weight. As g contains g as a subalgebra (generated by 
Eq* and Hq') then any representation of g can be decomposed into representations of g. 
The difference between the "g-piece" of two weigths of the ^-representation is a root lattice 
vector of g. For some particular fields of the theory it is possible to write down a closed 



formula for h and Q. In fact, for the chiral fields corresponding to A = A and A = 0, 
h = Q/2 is obtained from the above equations with L = 11 = (and similarly for the 
antichiral fields with A = A*, where the asterisk means conjugate representation). 

In the study of permutation symmetries the exact weights and charges of all the primary 
fields are necessary, i.e. L and V must be determined. They are computed in some examples 
in section IV by explicit construction of the corresponding characters, following [|l6j. This 
is essentially done by decomposing the characters Xa> xf ^ va ^° the characters Xx °f 
SU(m) x U(l). The character of the coset conformal theory is defined through 
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When counting primary states proper external automorphisms of the afline Kac-Moody 
algebra must be taken into account. Under the automorphism a a state |A, A, q, A) changes 



to [0HT1 |0-(A),o-(A),o-(g),<r(A)), where 

m m 

<r(A) = (k-J2 n *Vi + n i~l^i 

i=l i=2 

m—1 m—1 

cr(A) = (k + 1- n iVi + rii-iUi (6) 

i=l i=2 

cr (?) = q + k + m+ l 
<r(A = (0),(v),(a),(s)) = ((v),(0), (S), (*)) 

When applying a simultaneously to left and right movers the resulting states must be 
identified so that the fields in the theory form a unitary representation of the modular group. 
Further identifications are required, depending on the symmetry properties of the modular 
invariants Af, Ai defined below ||13|| . As the CP m models do not possess automorphism 
fixed points, this field identification poses no further problem (for a discussion of fixed points 
in coset models see [f20|,[2TH ) . 

Finally, the full partition function of the CP m N = 2 superconformal theory is 

Z = E X N A ^^,KM x - xX ^ (7) 

A,A,A,A,A 



In the above equation the sum extends over states (A, A) and (A, A) satisfying the condition 
C(A, A) of |I7|| , which for the Neveu-Schwarz (NS) sector corresponds to A — A G M, the root 
lattice of SU (m + 1). M and M. denote modular invariants for SU(m + 1) and SU (m) x U(l) 
respectively. Throughout the paper, barred (unbarred) quantities denote right (left) movers. 

To make a string theory out of these models the Gepner construction has to be fol- 
lowed 0: each sector (left and right moving) will be a product of spacetime bosons and 
fermions, times the product of r internal N = 2 coset fields, such that Cj„t = 9. To obtain 
N = 1 spacetime supersymmetry, a projection over states with odd integer £7(1) charge Q 
must be performed. 

It is useful to denote each state in the full theory by a vector 

V = (Ao; q r ;Ai,...,A r ) (8) 

where Ao is a 50(2) weight. We will also need the definition of a scalar product 

V-V' = VAiAl-V „ m>i r (9) 

and the vectors 

A) = (s',Vh ■■■,Vr',si, ...,s r ) 

Pi = (v ; 0, . . . , 0; 0, . . . , v , . . . , 0) (v in the z-th. position) (10) 

Here Tfr = ~mi(mi + 1). 

The supersymmetry projection and aligned boundary conditions, Ramond-Ramond (R- 
R) and NS-NS, are now accomplished by 

Q(V) = 2f3 ■ V = odd integer (11) 
2/3j ■ V = even integer (12) 

For NS states condition ( pTT| ) amounts to integer internal charge Qi n t- To maintain modular 
invariance, twisted sectors must be included. These are given by the condition 

V = V + s/3 + J2n i l3 i (13) 
i=i 



where s and rii are integers. Of course a given state is allowed whenever both invariants 
M and M. are nonvanishing and its multiplicity is given by the product of the modular 
coefficients. 

The heterotic construction is implemented by replacing left spacetime fermions by inter- 
nal free bosons with central charge c = 24 to cancel the bosonic anomaly. Modular invariance 
of the theory follows from the isomorphism between representations of 5*0(2) and the new 
gauge group E$ x SO (10) under the modular group. With the supersymmetry projection 
the gauge group is enlarged from E 8 x 50(10) to E 8 x E G . 

As is well known |[|^2^||13||, CP m coset models have a discrete Zk+ m +i symmetry. New 
models can be built from the original one modding by this symmetry; corresponding string 
compactifications may have a smaller number of generations. 

These moddings are characterized by a vector 

r = (0; 7 i?7i,...,7r^;0,...,0) (14) 

where 7j are integers satisfying 

2/3 • T = - £ 7 = integer (15) 

£i h + mi + 1 

States in the twisted sectors now verify 

r 

V = V + sPo + E n A + 2xT ( 16 ) 
1=1 

and the generalized GSO projection over states with integer Q int is now given by the condi- 
tions dllD and (p|) and 



- T • (2V + 2xT) = integer (17) 



(see [§]). The modular invariant partition function is given by 
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D]I E Z(s,n i ,x,t,m il y) (18) 

1 ni,m,i,x,y,t,s 



with 



Z (s,ni,x,t,mi,y) = 

- Vf-1 -2wi/(tft+^ im ,ft) -2k !/ r(2y+2 1 r+2 S ft) * / iq ^ 

— L > e e X-VXv+sj3 +Y. ni l3i+2xr l ±y J 
V 

Summations over x and y range from to M — 1, M being the least integer such that 
Mji e Z for all 7j. The sum over y implements condition ([17|) . Again, only states allowed 
by the invariants Ai and M are coupled. 

III. CYCLIC PERMUTATIONS IN LANDAU GINZBURG MODELS 

When considering CP m coset models with diagonal modular invariants, the computation 
of chiral fermion generations can be simplified by exploiting the known relation to N = 2 
LG models. We refer the reader to references for the basics of LG description of 

superconformal N = 2 theories and here we concentrate on the calculation of the number of 
chiral generations in the corresponding superstring vacua. The LG action in superspace is 

S = d 2 zd 4 6 Kfa, + (J d 2 zd 2 6 W{(j)i) + c.c\ (20) 

The superpotential W is holomorphic in the chiral fields fa and, in the fixed point of the 
renormalization group trajectories , defines a superconformal theory with quasihomogeneous 
potential 

W(X ni fa) = X D W(fa) (21) 

In order to describe a iV = 2 string vacuum from a LG theory, the GSO conditions on integer 
charge states must be imposed. This corresponds to considering the orbifold by the discrete 
group transforming the fields as 

where are the weights and D is the order of the superpotential. 

The number of fermionic generations contained in this theory can be computed with the 



following formula derived in | LT|J12 |, 



E(-) (f - r)(?,+s+ps) n ^h 2 - ( 23 ) 

p,s=0 pQi,sQi£Z 1 

where the product is taken over all n« such that pQi G Z and sQi G Z simultaneously. 

In general, LG models possess a larger discrete symmetry group than that generated by 
(f22|). They have been classified in reference jllj where string vacua as orbifolds by discrete 
abelian symmetries were constructed. In a base in which all the elements of the symmetry 
group act diagonally on the fields it is possible to characterize each element g of a cyclic 
group G by the order M of g, and by an integer r-component vector 7 = (71, . . . , j r ) 

g:^^ e 2 ™ 6 ^ = e 2 ^ M & (24) 

When det(g) = 1 for all g G G, the orbifold of the LG model is (2,2) supersymmetric 
and still has an interpretation as a Calabi-Yau or an orbifold of a Calabi-Yau manifold 
compactification. 

The number of generations of a theory orbifoldized by n cyclic groups characterized by 
7 (1) ,...,7 (n) is 

1 M JZ} ( D\ 

N - = -2Tvn* £ n 1-- < 25) 

z lli=o Pi,Si=o j/ \ h 1 

where M = D,p = p, s = s and g^ = (n 1 , . . . ,n r ). This expression does not include 
discrete torsion and holds for (| — r) even. A trivial field may be added whenever this 
condition is not satisfied, namely W = W + <f)f. 

In order to orbifoldize by discrete symmetries using this formalism, notice that if a generic 
potential W has a cyclic permutation symmetry of M fields (M prime), namely 

W(0o,...,0M-l)=^(0 M _ 1 , 4>0, ■ ■ ■ , 4>M-2) (26) 

it is possible to perform the following change of variables 



which trades a permutation symmetry of the fields <fik into a phase symmetry of ipf. (since 
0fc ~~ > <fik+i implies ipj — > e 2m ^ M tpj). Notice that (f)k and ^ have the same weight, and thus 
the orbifold by (3$ is not modified by the change of variables. The number of generations of 
the theory can thus be computed with eqn. ( p5|) choosing 70 = (n, . . . , n, um, • • • , n r ) and 
= (0, 1, 2, . . . , M — 1, 0, . . . , 0) of order M. The M prime condition implies 

det{g) = e 2 ™^=<> ™ = 1 (28) 

Notice that it is not necessary to know the superpotential explicitly in order to compute 
N gen in the orbifoldized theory. Knowledge of the weights and the order of W suffices. 

By applying this procedure to all iV = 2 Gepner models we reobtained the results of 
reference ||. The same calculation was performed for CP m Kazama-Suzuki models that 
can be described in terms of a LG superpotential. These are the diagonal (m, 1z)aa (the 
subindices denote the M and M. modular invariants respectively) which have [p3|,|9! 

W= £ A ni ... nm ^...^ (29) 

jl+2j2+-..+mj m =k+m+l 

where the A ni _ nm coefficients are such that each 0, has weight j. 

The results are listed in Table 1 where the corresponding superpotentials are denoted 
by D, (m, . . . ,n r ) and the cyclic permutations considered can be deduced from the vectors 
7. We have not included models known to be equivalent at the chiral level because they 
clearly yield the same results. Notice that eqn. (pop allows to perform the sum over the p^s 
separately in each sector (sq, . . . , s n ). Thus the contribution to N gen can be obtained sector 
by sector. However, for non-LG models another method has to be applied. We describe it 
in the following sections, where we also emphasize other by-products of this formulation. 
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TABLE I 



Number of generations in CP m models orbifoldized by cyclic permutation symmetries 



Model 


D, (m, . . . ,n r ) 


M, 7 


iV 

1 v gen 


(2, 


3) AA x (2,3) AA x (2,3) AA 


6,(1,2,1,2,1,2) 


3, 


(0,0,1,1,2,2) 


36 


(2. 


3) AA x (2,3) aa x (2,3) AA 


6,(1,2,1,2,1,2) 


2, 


(0,0,1,1,0,0) 


54 


(4. 


5) AA x 1 A x \ A x 1 A 


30,(3,6,9,12,10,10,10) 3, 


(0,0,0,0,0,1,2) 





(3. 


4)aa xl i xl i xl i x2 A 


24,(3,6,9,8,8,8,6) 


3, 


(0,0,0,0,1,2,0) 





(3. 


3)aa x 1 A x 1 A x 1 A x 5 A 


21,(3,6,9,7,7,7,3) 


3, 


(0,0,0,0,1,2,0) 





(3. 


A) AA x2 A x2 A x2 A 


8,(1,2,3,2,2,2) 


3, 


(0,0,0,0,1,2) 


40 


(3. 


4)aa x Q D x Q D 


8,(1,2,3,2,3,2,3) 


2, 


(0,0,0,0,0,1,1) 


40 


(3. 


3) AA x 12 D x 12 D 


7,(1,2,3,1,3,1,3) 


2, 


(0,0,0,0,0,1,1) 


56 


(2. 


A) AA x (2,4) AA x 5 A 


7,(1,2,1,2,1) 


2, 


(0,0,1,1,0) 


51 


(2. 


6)aa x (2,6)aa x 1 A 


9,(1,2,1,2,3) 


2, 


(0,0,1,1,0) 


42 


(2. 


6) AA x 1 A x 1 A x 1 A x 1 A x 1 A 9,(1,2,3,3,3,3,3) 


3, 


(0,0,0,1,2,0,0) 


60 


(2. 


Q) AA x 1 A x 1 A x 1 A x 1 A x 1 A 9,(1,2,3,3,3,3,3) 


5, 


(0,0,0,1,2,3,4) 


12 


(2. 


6)^4 x 1 A x 1 A x 1 A x 1 A x 1 A 9,(1,2,3,3,3,3,3) 


2, 


(0,0,0,1,0,1,0) 


48 


(2. 


Q)aa x 1a x 1 A x 1 A x 4 A 


18,(2,4,6,6,6,3) 


3, 


(0,0,0,1,2,0) 


60 


(2. 


4)aa x 1 A x 1 A x 1 A x 12 A 


42,(6,12,14,14,14,3) 


3, 


(0,0,0,1,2,0) 





(2. 


Q) AA xl i xl i x2 i x2 A 


36,(4,8,6,15,6,15) 


2, 


(0,0,0,0,1,1) 





(2. 


4) AA x 26 D x 26 D 


28,(4,8,2,13,2,13) 


2, 


(0,0,0,0,1,1) 


102 
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IV. CYCLIC PERMUTATIONS IN CP m COSETS 



Cyclic permutation symmetries in Gepner models were systematically considered in . 
In this section we extend the method developed in these references to more general CP m 
coset theories. 

Assume that there are M identical CP m blocks in the internal sector of the 4-D string. 
We consider a prime number of identical theories, but the analysis can be easily extended 
to any M. Let us introduce a formal projection operator P over identical states of the 
N = 2 superconformal algebra (not necessarily primary states), such that P acting on a 
tensor product of states produces a vanishing result unless all states have equal charges and 
weights. After dividing by this permutation symmetry the following "character" can be 
defined 

X_(r) = (P + (1 - P)/M) X (r) = + ^±P X(yriginal = 

Y M (t) M - 1 

= ^rf 1 + ^tt^x{Mt) (30) 

P\ formally indicates that the traces must be computed by simultaneously considering the 
same state in all blocks, such that P%(r) = x(M T \ Each of these states is counted once. 
The term corresponds to the case when at least one state in a block is different from 

the others. Because this state could belong to any of the M blocks we must divide by M in 
order to obtain just one full symmetric state. Xinvarij) does not transform properly under 
modular transformations and twisted sectors must be added. The full modular invariant 
partition function of the projected theory may finally be written in terms of the character 
of just one of the (identical) component theories 

~ / s Z m (t,t) M 1 , M-l^i r + n f + n, , , 

Znewir, f) = + — Z{Mt, Mf) + — — Y Z(——, —^—) 31 

newy , ; M M y , , M n M M y ' 



Therefore, if fields of the original CP m theory are known, (|3lD allows to compute the spec- 
trum in the modded theory. We shall refer to the states coming from the last term as twisted 
states. An analysis of this term shows that it can be interpreted as the partition function 
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of a new N = 2 superconformal field theory with central charge c = Mc (c is the central 
charge of each one of the identical theories) and Virasoro generators given in terms of those 
of the original theory by 

Lm = ^W + ^AM^ 5 ^ (32) 



Jm — J-mM (34) 

Therefore the weights and charges of the (twisted) primary states of the new theory are 
obtained from the original ones as 

= h + m c(M> - 1) 

M 24M V ; 

Qnew = Q (36) 

where m is the level of the descendant field. Similar expressions are valid for the right 
movers. 

The sum over n in ([H|) imposes the constraint h + m — h — m = mod M. 

In order to build up the partition function for the 4-D string the spacetime sector and the 
other r — M CP m blocks must be included. Orbifolds by fto and must then be performed. 
Orbifolds by commuting phase symmetries could also be considered. 

Following the reasoning of ref . , the Z new corresponding to (|3T| ) is constructed in terms 



of the partition function written in (p!8|). Modular transformations allow to build the twisted 
sector. The conclusion is that (|TT|), (|T^) and ( |TTD are still valid in the twisted sector if we 
define the new 1 + 2 (r — M+l) component vector 

y = (Ao5 Qij Qm+i, ■ ■ ■ ,Qr] Ai, Ajif+i, • • • , A r ) 

Po = (s; Mrj^riM+i, ■ ■ ■ , Vr] si, %+i, ...,s r ) (37) 
A = (^;0,...,0;0,...,t;,...,0) 
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and similarly for the phase vector 

T = (0; M71771, Jm+iVm+i, • • • , IrVr] 0, . . . , 0) (38) 

where the M original identical theories have been replaced by just one in the first block. 
Eqn. fllTf ) now means that NS left states may couple to NS right states if 

q 1 — qi = m 1 (m 1 + l)M(s + xji) mod m 1 (m 1 + 1)M {ki + ra x + 1) (39) 
qi — q\ = mi(mi + l)(s + x^i) mod m^m* + l)(h + m, + 1) (40) 

for z = M + 1, . . . , r. 

The issue of field identifications in the modded theory deserves a comment. In fact, in 
the new theory, expressed in terms of just one original block, the orbit under a has been 
enlarged up to M{m\ + X)m,\. An indication of it is that if we compute the conformal weight 
h in ( |35| ) by just using the a transformed state (|7|) the weights in the twisted sector ( |i~6|) 
will be h new + integer, only after applying Mm\{m\ + 1) times the transformation o ||19| . 

Massless chiral-chiral (chiral-antichiral) matter (antimatter) fields satisfy hi nt = Qi n t/2 
and hi n t — Qint/% {hint — —Qint/'Z)- The chiral (antichiral) states of the tensor product of 
models are obtained as products of chiral (antichiral) states of each coset. Similarly for the 
new theory, chiral states have h new = Q new /2 = Q/2. 

We will apply the method discussed above to mod out by cyclic permutations of M = 3 
blocks in the (2, l)\ A theory (cj nt = 6) and in the (2, 2)j4 A 3yitheory (cj nt = 9) and compute 
the massless chiral spectrum in both cases (56 and 27 and 27 of Eg respectively). We indi- 
cate the permuted theories in brackets, i.e. {(2, 1)^ A }(2, 1)/L4 and {(2, 2)^)3^ respectively. 

According to notations of section II, in a general (2, k) theory 

A = rriiWx + m 2 u>2 (41) 
q 

X = nwi + -w 2 (42) 

such that a state in the coset may be written as (mi, m 2 ) (n, q)s (with s = 0, 2, 1, —1 corre- 
sponding to 0, v, s, s). The constraints C(A, A) read in the NS sector 
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mi + 2m 2 — q = mod 3 
4mi + 2m 2 — g — 3n = mod 6 

(with mi + m2 < k and g = g + m(m + + m + 1)) and the weights and charges are 



h 



12(k + m + 1 



■[4mi + Amj + 4mim 2 + 12mi + 12m 2 - 3n(n + 2) — q 2 } H h L (43) 



Q = + - + 22/. 

^ k+m+1 2 



(44) 



Consider the (2, 1)aa coset. For this case, when M = 3, the above conditions lead to six 
highest weight states, namely 



state # 


(mi,m 2 ) 


n 


Q 


s 


h 


Q 


hnew 


1 


(0,0) 

















1 
6 


2 


(0,1) 





2 





1 

1 


-i 

2 


1 

4 


3 


(1,0) 





-2 





1 

■1 


1 
2 


1 
4 


4 


(1,0) 


1 


1 





1 

8 


-1 
4 


5 

24 


5 


(0,1) 


1 


-1 





1 

8 


1 
4 


5 

24 


6 


(1,0) 





4 


2 


\+L 


2L' 


1+L 
3 



and their corresponding a transformed states (0). Note that the integers L, L' entering 
the definitions (43) and (44) are unknown only for the sixth field, as this is the only one 
which is neither chiral nor antichiral. In order to exactly evaluate them we look at the 



2inr 



corresponding character (see appendix) expressed as an expansion in powers of x = e 
and y = e 2i7TZ . (Note that only the first non vanishing power of x and y respectively are 
necessary to determine these integers). 

The first terms of the character for this state are 



42 = [i + (y + y- 1 )* 1 ' 2 + 2x + ( y + <r V /2 + 4x 2 . . .] 



(45) 



Therefore, h = 1/2 and Q = 0. The next power of x is increased in 1/2. This is a reflection of 
the general fact that the original N = 2 superconformal algebra may be split into subalgebras 
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built up by the application of an even or an odd number of currents G^ x , 2 to the original 
primary state (see ]!]). The states obtained from the primary by one of these subalgebras 
are labeled with s — 0, and those obtained by the other, with s = 2, respectively. Since 
the a transformation interchanges s = and s — 2, it is possible that a primary state has 
s = 2 as above (notice that the state ((1,0)(0,4)2) is identified with ((0,1)(2,0)0)). As a 
check of our computations it can be shown that the other fields in the a orbit produce the 
same character. 

Notice that in the case at hand the integers L and V could have been guessed by 
claiming the duality relation (valid after field identifications) (m, k) = (k, m) @ so that 
(2, 1)aa corresponds to the well known minimal model 2^. We have explicitly checked this 
relation by comparing the characters of the two models up to several powers of x and y. 

We now turn our attention to cyclic permutations. We are interested in computing 



the number of chiral-chiral and chiral-antichiral states in the projected theory. From fl35|) 
and ( p6|) we find that chiral (and antichiral) states in the twisted sector come from states in 
the a-orbits of 



state # 


((m 1 ,m 2 )(n,q)s) 


h 


Q 


h-new 


2 


((0,1)(0,2)0) 


1 
1 


-1 

2 


1 

4 


3 


((l,0)(0,-2)0) 


1 

4 


1 

2 


1 

4 


7 


G+ 1/2 ((l,0)(0,4)2) 


1 


1 


1 
2 


8 


GI 1/2 ((1,0)(0,4)2) 


1 


-1 


1 
2 


9 


g: 1/2 ((o,i)(i,-i)o) 


5 

8 


-3 

1 


3 
8 


10 


Gi 1/2 ((1,0)(1,1)0) 


5 
8 


3 

1 


3 
8 



Attaching the chiral states of the fourth (2, 1)aa theory (i.e. the theory which is not 
permuted) and coupling left and right movers according to ([□]), (0) and (0) we obtain 
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the following chiral-chiral states in the twisted sector. 



{7} 


1 - 


{7} 


1 


{101 

L J 


5 - 


{10} 

I J 


5 


{3} 


3 - 


{3} 


3 


{7} 


1 - 


^ 6 ({3}) 


a 2 (3) 


{10} 


5 - 


a 9 ({10}) 


a 3 (5) 


{3} 


3 - 


^ 12 ({7}) 





where the numbers denote the state # in the tables above. 

By adding the states in the untwisted sector we finally obtain a total of 20 states. This 
coincides with the result found in for the {2a} 3 2a model, as expected. 

Let us now discuss the second example {(2, 2) 3 aa }3a- The (2,2)^ coset and the 8^ 
minimal model are known to have the same spectrum |T^,|24|, so their Poincare polynomials 
coincide. However the full conformal theories are different in the sense that the 8d theory has 
25 primary states of the Virasoro algebra while (2, 2)aa has 20. For example the primaries 
with (/, q, s) and (/, — q, s) equal to (6,4,0), (6,2,0), (6,0,0), (8,4,0) and (8,0,0) are states of 8^ 
but there do not exist corresponding ones with the same weight and charge in (2, 2)aa- Note 
that the states with I = 4 have multiplicity 2 due to the modular invariant. Moreover, the 
characters of some of the chiral primary fields in 8^ and (2, 2)aa (with the same conformal 
weights) turn out to be different. For example the character of the identity in 8d is 

Xo,o = 1 + x + 3x 2 + Qx 3 + x 4 (13 + y 2 + y~ 2 ) + x 3/2 (y + y' 1 ) + 

+2x 5/2 (y + y- 1 ) + 5x 7/2 (y + y' 1 ) + ... (46) 

while in (2, 2)aa it is 

Xo'° = 1 + x + Ax 2 + 8x 3 + x 4 [19 + 2(y' 2 + y 2 )] + x 3t2 {y~ x + y) + 

+3x 5/2 (y- 1 + y) + Ix 7 ' 2 ^- 1 + y) + ... (47) 

indicating that both fields transform differently under the conformal algebra. States that 
are neither chiral nor antichiral may contribute to form the twisted chiral states in the new 
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theory (see (0), (p6|) ) and because these states are not the same for both theories, the 
number of states in the twisted sectors may be expected to differ. However, this is not the 
case in the model we are discussing. 

The new chiral (antichiral) states in the twisted sector are 

(2,0)(0,±4)0 | Tl § 

G± 1/2 ((0,l)(l,5)2) £ ±1 \ 

Attaching the chiral (antichiral) states of 3 a such that the total weight and charge add up 
to 1/2 and 1 (-1) we obtain 4 states in the twisted sector of the 27 and also of the 27. The 
same number of twisted states was obtained in [|5| for the {8|>}3a model. This coincidence 
was not expected a priori since the length of the a orbits of both theories are different. 
However since the left and right movers have to couple in the (2, 2)aa model according to 
the A/a,a an d M\ a modular invariants, only 3 states in the a chain potentially contribute 
to the twisted sector similarly as in the 8d case. 

In the example we are discussing the equivalent results for both theories can be explained 
by noticing that, even if the fields of both models transform differently under the action of 
the conformal generators, the partition functions turn out to be equal. In fact we have 
explicitly checked that some characters of the (2, 2)aa are sum of characters of the 8d, and 
they are so in a way that the partition functions of both models coincide. The remaining 
characters of the 8^ and the (2,2)^ models are equal one to one (so the corresponding 
states transform in the same way under the conformal group). 

V. Z 2 PERMUTATIONS 

As discussed in H care needs to be taken when considering permutations of one pair of 
blocks. Since states with s = 2 (s = 2) can be obtained by acting with G_ t , 2 (G ± 1 y 2 ) on 
the corresponding states with s = (s = 0), permuting a pair of states both having one of 
these fermionic operators introduces a minus sign which amounts to the cancellation of the 
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symmetrized state in the spectrum. Of course this sign will not appear if an even number 
of permutations of two theories is considered, the cancellation does not take place and ( |3~1~D 
directly applies. 

The twisted sectors, as shown in || , have to be constructed in the R sector of the original 
theory in the case of Z 2 permutations. 

As an example we study M = 2 permutations in (2, l) 4 . Consider first two permutations 
of two blocks, i.e. {(2, 1) 2 }{(2, l) 2 }. By applying the spectral flow shift (3q to the NS states 
we obtain the following set of R states 



block state 


h 


hnew 


Q 


(0,0)(0,3)1 


1/16 


1/8 


1/4 


(0,1)(0,5)1 


1/16 


1/8 


-1/4 


(1,0) (0,1)1 


9/16 


3/8 


3/4 


(1,0)(1,4)1 


1/16 


1/8 





(0,1)(1,2)1 


5/16 


1/4 


1/2 


1,0)(0,7)-1 


9/16 


3/8 


1/4 



Coupling left and right movers according to (|39|) we obtain the following chiral-chiral 

states in the twisted sector 

{(0,0)(0,3)1} {(1,0)(0,1)1}-{(0,0)(0,3)1} {(1,0)(0, 1)1} 
{(0,0)(0,3)1} {(1,0)(0,1)1}-<x 6 {(0,0)(0,3)1} a 6 {(l,0)(0,l)l} 
{(1,0)(0,1)1} {(0,0)(0,3)1} -{(1,0)(0,1)1} {(0,0)(0,3)1} 
{(1,0)(0,1)1} {(0,0)(0,3)l}-a 6 {(l,0)(0,l)l} a 6 {(0, 0)(0, 3)1} 
{(0,1)(1,2)1} {(0,1)(1,2)1}-{(0,1)(1,2)1} {(0,1)(1,2)1} 
{(0, 1)(1, 2)1} {(0, 1)(1, 2)1} - a 3 {(0, 1)(1, 2)1} a 3 {(0, 1)(1, 2)1} 
{(0, 1)(1, 2)1} {(0, 1)(1, 2)1} - a 6 {(0, 1)(1, 2)1} a 6 {(0, 1)(1, 2)1} 
{(0,l)(l,2)l}{(0,l)(l,2)l}- ( x 9 {(0,l)(l,2)l}a 9 {(0,l)(l,2)l} 
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I.e., a total of eight twisted states. Since this model has four invariant states, apply- 
ing fl3T|) leads to a number of 20 chiral-chiral states as is consistent with a Ci nt = 6 model. 

Let us now consider the case {(2, l) 2 } (2, l) 2 , i.e. permutations of only one pair of 
blocks. We have to combine the R states of the "new" theory with the NS states of the two 
unpermuted theories. Again we obtain eight states in the twisted sector. They are 

{(0, 0)(0, 3)1}((0, 1X1, -1)0)((1, 0X0,-2)0) - {(0, 0)(0, 3)1}((0, 1)(1, -1)0)((1, 0)(0,-2)0) 

{(0, 0)(0, 3)1}((1, 0)(0,-2)0)((0, 1X1, -1)0) - {(0, 0)(0, 3)1}((1, 0)(0,-2)0)((0, 1)(1, -1)0) 
{(1, 0)(0, 1)1}((0, 1)(1, -1)0)((0, 0X0, 0)0) - {(1, 0)(0, 1)1}((0, 1)(1, -1)0)((0, 0X0, 0)0) 
{(1, 0)(0, 1)1}((0, 0X0, 0)0)((0, 1)(1, -1)0) - {(1, 0)(0, 1)1}((0, 0X0, 0)0)((0, 1)(1, -1)0) 

{(0, 1)(1, 2)1}((0, 1X1, -1)0)((0, 1X1, -1)0) - {(0, 1)(1, 2)1}((0, ixi, -i)o)((o, 1X1, -1)0) 
{(0, 1)(1, 2)1}((0, 0X0, 0)0)((1, 0X0,-2)0) - {(0, 1)(1, 2)1}((0, 0)(0, 0)0)((1, 0)(0,-2)0) 
{(0, 1)(1, 2)1}((1, 0)(0,-2)0)((0, 0X0, 0)0) - {(0, 1)(1, 2)1}((1, 0)(0,-2)0)((0, 0)(0, 0)0) 

{(0, 1)(1, 2)1}((0, 1X1, -1)0)((0, 1X1, -1)0) - oP{(0, 1)(1, 2)l}a 3 ((0, 1)(1, -1)0)^(0, 1)(1, -1)0) 

In order to obtain the total number of states in the 56 representation of Eq we have to take 
into account that there is one state in the original theory which cancels when symmetrized. 
This leads again to A^ 56 =20 as expected. 

Comparing this example with the equivalent Gepner case, namely 2\, a difference 

arises. In || the appearance of the (3,0)-form coupled to the identity is used as a criterion 
to decide whether the ^-permutation is allowed. In the case at hand the state 

(0,0,0) (0,0,0) - (0,-2,-2) (0,-2,-2) (48) 

cancels in the symmetrized combination and thus it is not part of the spectrum. Notice that 
if a pair of trivial theories (i.e., k — 0) were added and permuted, the (3,0)-form coupled to 
the identity would not cancel with its symmetric form. However in the equivalent Kazama- 
Suzuki case, i.e. {(2, l) 2 } (2, l) 2 the (3,0)-form is the state (0,0)(0,-6)0. Therefore, when 
coupled to the identity the symmetric combination does not cancel. This will be the case 
for all cosets with even m. 
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VI. SUMMARY AND CONCLUSIONS 



We have computed the number of chiral generations in the 27 of E$ for string models 
constructed with tensor products of CP m cosets which can be described in terms of LG 
superpotentials. We have also extended the method developed in to study cyclic per- 
mutation symmetries in CP m string models which do not admit a LG formulation. This 
study contributes to a deeper understanding of coset theories. In particular we used ex- 
plicit formulas (power expansions) for the characters of the primary fields, based on general 
constructions of reference In order to know the exact weights and charges of these 

fields just the first power of the characters is needed. Possibly this computation could be 



simplified by just isolating this power with some limiting process ||25|| . Notice that explicit 
expansions for the characters allow to check many of the equivalence relations among the- 
ories conjectured essentially from the chiral structures. The information needed from the 
original theory in order to construct the projected one, goes beyond the chiral structure. 
Therefore theories which are not fully conformally identical (i.e. their spectra of conformal 
weights and charges are not equal) may lead to different results. For example, in the case 
of minimal models, if equivalence at the chiral level is established then the chiral spectrum 
of the projected theories coincide. However the spectrum of singlets may differ |J. An 
open related question remains, regarding Z 2 permutations of CP m cosets with even m. In 
the example we have presented (namely {(2, 1) 2 }(2, l) 2 ), they do contribute to the massless 
spectrum of the orbifoldized theory, even though the equivalent Gepner case (i.e. {2^)2^) 
does not. 

Moddings by phase symmetries, commuting with the cyclic permutations, may be easily 
incorporated into the scheme we have presented. A systematic study of cyclic permutation 
symmetries and phase moddings in CP m coset models relevant for string vacua classification 
will be published elsewhere. 
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VIII. APPENDIX 



In this appendix we summarize some useful steps for computing the characters from ||16 
There the CP2=SU(3) k / (SU(2) k+1 x U(l)) character is decomposed according to 

SU(3) k x SU(2) 1 x U(l) _ SU(3) k SU(2) k x SU(2) 1 

SU(2) k+1 x U(l) SU(2) k x U(l) X SU(2) k+1 X 1 j 

Character formulae for minimal model representations of the second factor above have been 



built in [26]. The character for a state with charge m of the U(l) theory is given by the 
SU(2) k theta function 6 m . k (x,y) = E n ez^ k ( n + m / k ) 2 y k (n+m/k)/2_ The character for the state 

\A,\ = lw 1 + !fq,A = 0) is @: 



Xtq( x >y) — =5Zk^,m( x ) Xl,l'( x ) ^(fc+3) ;fc(fc+3) ( X ' ^) 



m— -5,...,6 



where b^ q are the branching functions which can be obtained from |TB 



as 



h t = ii( i-:E ~ n r 5 S(^ i ) sl+s2e ( cr ) x x^^ {[CT(A+p)+(fe+3)[( ' i+ 5 s2 "^ i)Qi+{i2+ ^ 2+ ^ si)Q2]i2_2} 

n=l 

h,h 6 z 

n, S2 = o,...^c^_^ [9+fc(si+S2) p__^ {[w+(fe+2)(s2 _ si)]2 _ 1} 



where x = e 2tnr , p = oi + 02 and 0:1,0:2 (and 03 = 01 + 02) denote the roots of SU{3) with 
af = 2. The usual normalization 2^r = dij is taken for the weights. W is the Weyl group 

i 

of SU(3). Note that the sum is not well defined, as it depends on the order of its terms, the 
sums over Sj should be performed before the sums over U to get the right branching function. 
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Doing so, some terms cancels against others if pi > due to the identity |LC 



2p-l 



£ (_l)^|(«-(p-|)) 2 -|b-|) 2 = o 



s=0 



and the sum over s,- for fixed L can be rewritten as 



E(-i) 



^(_l)-(s+l) x I(-(s+l)-(p-l))M(p-l) 2 



s=2p s=0 

which amounts to the replacement s — > — (s + 1) and a global change of sign. The following 
conditions are equivalent to p > for the s« sum 

St : \{a 2 - an) • a(A + p) + (k + 3)(/ 2 - h) + *±i - | < 

s 2 : |(2ai + a 2 ) • a(A + p) + (A; + 3) /i - ^ - f < 
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